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GROUP ACTIONS ON ARRANGEMENTS OF
LINEAR SUBSPACES AND APPLICATIONS TO
CONFIGURATION SPACES

SHEILA SUNDARAM AND VOLKMAR WELKER

ABSTRACT. For an arrangement of linear subspaces in R™ that is invariant
under a finite subgroup of the general linear group Gl (R) we develop a for-
mula for the G-module structure of the cohomology of the complement M 4.
Our formula specializes to the well known Goresky-MacPherson theorem in
case G = 1, but for G # 1 the formula shows that the G-module structure
of the complement is not a combinatorial invariant. As an application we are
able to describe the free part of the cohomology of the quotient space M 4/G.
Our motivating examples are arrangements in C” that are invariant under the
action of S, by permuting coordinates. A particular case is the “k-equal” ar-
rangement, first studied by Bjorner, Lovasz, and Yao motivated by questions
in complexity theory. In these cases M 4 and M 4/Sy are spaces of ordered
and unordered point configurations in C™ many of whose properties are re-
duced by our formulas to combinatorial questions in partition lattices. More
generally, we treat point configurations in R? and provide explicit results for
the “k-equal” and the “k-divisible” cases.

1. INTRODUCTION

In this paper we develop combinatorial and representation-theoretic methods in
the theory of arrangements of linear subspaces in R%, which can be applied to the
study of the cohomology of spaces of ordered and unordered point configurations
in d-dimensional real space. These spaces arise in various contexts in mathematics.
Although the relation between hyperplane arrangements and configuration spaces
had been established a long time ago by Fadell and Neuwirth [Fa-Ne], the idea of
using subspace arrangements as a unifying approach in this context seems to be
recent. The connection between arrangements of linear subspaces and configura-
tion spaces was first suggested by Bjorner [Bj4, 8,5], who was himself inspired by
the work of Arnol’d [Arl], [Ar2], [Ar3] and Vassiliev [Va2]. In Bjorner’s orginal
motivation [Bj-Lo-Y] ordered point configurations were studied in the context of
lower bounds in computational complexity. In a subsequent development Bjorner
and Lovész [Bj-Lo] showed that the cohomology of spaces of ordered point configu-
rations provides even better lower bounds in the linear decision tree model. Parallel
to that development, Vassiliev [Val] used order complexes of partition lattices as
building blocks in the construction of his knot invariant. Exactly these partition
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lattices and their generalizations, considered by Vassiliev [Va2], [Va3] and Bjorner
and Welker [Bj-We], serve also as the ingredients in the study of ordered config-
uration spaces carried out in this paper (see also [Me] for related construction of
invariants of ornaments). The orbit spaces of the ordered configuration spaces un-
der the action of the symmetric group are, in case of point configurations in C™,
spaces of monic polynomials of degree n with certain restrictions on the root multi-
plicities. Examples of such spaces have been studied by Arnol’d [Arl], [Ar2], [Ar3],
Brieskorn [Bri], Fox and Neuwirth [Fo-Ne], Fuks [Fu] and Vassiliev [Va2]. We pro-
vide and apply general tools for determining representations of finite groups on the
rational cohomology of the complement of an arrangement of linear subspaces. This
will enable us to make some general statements on the integral cohomology of or-
dered configuration spaces and the rational cohomology of unordered configuration
spaces. More precise information will be provided for the following examples:

(A) Let ./\/l‘(ik)lq) be the set of all n = k + ¢ tuples (z1,...,x,) of points ; € R?
such that there is no subset E of {1,...,n} of cardinality k satisfying x; = x for
all t,s € E. In particular M‘(ik)lq) is the pure braid space (see [Fa-Ne|, [Arl]) for
k =d=2. (See [Co-La-Ma] for k = 2 and d > 2. For general k the space M, |,y is
first mentioned in [Co-Lu] in connection with a generalisation of the Borsuk-Ulam
Theorem.) The cohomology of the spaces M‘(ik,lq) was determined in [Bj-We] for

d = 1,2 (and implicitly for general d). We study the action of the symmetric
group S, on M‘(ik 19) by permuting the coordinates. For d = 2 the orbit space

M?kqu) /Sp is homeomorphic to the space of monic polynomials of degree n with
no root of multiplicity k. For k = 2, this is the complement of the discriminant; it
is thus the braid space for the braid group on n strings (see [Fo-Ne], [Fu] for the
basic results on this space). For general k this space was studied by Arnol’d [Ar2],
who computed the integral cohomology of M%M)lq) /Sn (see paragraph (B) below
for definitions in the case r # 1). We determine the representation of S,, on the
rational cohomology of M?k71q). For the pure braid space, this was done by Lehrer
and Solomon ([Le-So]). By calculating the multiplicity of the trivial character in
this representation, we compute the rational cohomology of M?mq) /Sy and hence
retrieve the result of Arnol’d on the rational cohomology of M%M,lq) /Sp for r =1.

(B) More generally, for a partition A = (A; > -+ > A,) b n of the integer n we
study the set M‘i of n-tuples in R satisfying the condition that there is no partition
of {1,...,n} into blocks E; of size \; such that for all ¢ and all s,¢ € E; we have
xs = x¢. These spaces have been introduced by Bjorner; they occur as complements
of the orbit arrangements discussed in [Bj4]. As mentioned in paragraph (A), for
A = (k",19) and d = 2 the integral cohomology of the orbit space M‘(ikr,lq)/sn was
determined by Arnol’d in [Ar2]. We determine some general results on M¢ and
its orbit space M§ /Sn. We give the Euler characteristic and determine some facts
about the distribution of rational cohomology. These results lead us to a conjecture
generalising the so-called “Finiteness” condition of Arnol’d [Ar2]. As a second
specific example, we determine the representation on the rational cohomology of
M4 for A = (k%), and all d > 1; in particular we recover the result of Arnol'd for
the unordered configuration space M3 /S,,.

In the sequel we outline the approach used in this paper in order to obtain results
on the spaces described in (A)-(B). The basic ideas of this approach can be found
in Bjorner’s survey article [Bj4, 8.5]. Before we can formulate the approach we
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shall have to introduce some notation. By an arrangement A of linear subspaces
in R™ we understand a finite set of linear subspaces in R™ which is closed under
intersection (i.e. for all z,y € A we have xt Ny € A). If G is a finite subgroup
of Gl,(R) then we call an arrangement A a G-arrangement if for all V € A and
g € G the image VY lies also in A. By L4 we denote the set A ordered by reversed
inclusion and enlarged by the additional least element R™. By 0 (resp. 1) we denote
the least (resp. greatest) element in L4. The partially ordered set L4 is in fact
a lattice, the intersection lattice of the arrangement A. In general we call a finite
partially ordered set P a poset. Of particular interest for our work is the order
complez A(P) of the poset P with least element 0 and greatest element 1. The
simplices in A(P) are the linearly ordered subsets of P, which do NOT contain 0 or
1. In particular A(P) is a simplicial complex. In our situation we have to study
the case where P is an interval, P = [0,2] = {y | 0 < y < z}, in the intersection
lattice L 4 of the arrangement A.

The link D4 of A is the intersection of the set-theoretic U V of the arrange-

VeA
ment with the unit sphere S”~' in R”. In case A is a G-arrangement we can
always assume that S™~! is the space of points of unit distance with respect to a
G-invariant scalar product (x3,x2)g = 1/|G|- Z < g-X1,9-X2 > and is therefore
geaG

also G-invariant (here (, ) denotes the standard scalar product in R™). The comple-
ment M 4 of the arrangement A is the complement of the union of A in R™. Note
that if A is a G-arrangement then G acts on D 4 and M 4 as a group of homeomor-
phisms. In particular the homology and cohomology groups of D 4 and M 4 become
G-modules. Moreover G acts on L 4 as a group of lattice automorphisms. Since it
is easily seen that the spaces described in (A) and (B) are complements of suitably
chosen arrangements of linear subspaces, we can now formulate our approach using
the notation introduced above:

(STEP 1) In Section 2 we provide a combinatorial tool for the study of the
representation of a finite group G < GI,(R) on the complement M 4 of a G-
invariant arrangement A of linear subspaces in R?. The formula of Goresky and
MacPherson [Go-MacP] describes the cohomology of M 4 in terms of the homology
of order complexes of lower intervals in the intersection lattice L 4. In Theorem 2.5
(ii) of this paper, we generalise the Goresky-MacPherson result to an isomorphism
of G-modules. It turns out that this representation is not completely encoded by
the intersection lattice of the arrangement; it is necessary, in addition, to consider
the action of various subgroups of G on the homology of certain spheres. These
one-dimensional representations will, however, be easy to determine. Moreover our
results allow us to make general statements about orbit spaces of complements
of subspace arrangements. Our proof of the G-equivariant Goreksy-MacPherson
formula uses tools from the theory of diagrams of spaces ([Bo-Kal, [tDi], [Vo]), first
applied in this context by Ziegler and Zivaljevi¢ [Zie-Z]. In contrast to their work we
cannot use homotopy-methods in this G-equivariant setting, but have to resort to
a spectral sequence in the semisimplicial category introduced by Segal [Se]. Other
proofs of the “standard” Goresky-MacPherson formula can be found in [Hul, [Je]
and [Va2].

(STEP 2) From the work of Sundaram [Su] and Sundaram and Wachs [Su-Wa]
we obtain a description of the representation of G = S,, on the homology of the
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intersection lattices L 4a and L 4a . We also find there the computation of
(k (&%)

an—k)
the representation of G on the homology of the lower intervals [ﬁ, x] in both cases.
By the Goresky-MacPherson formula for G-modules this suffices to pursue (STEP
3).

(STEP 3) In Section 3 we determine the multiplicity ¢; of the trivial repre-
sentation on the ith cohomology group of the complement; these calculations are
considerably simplified by working in the ring of symmetric functions. By well-
known facts [Bre], it follows that the ith cohomology group of M 4/G is a free
@Q-module of rank c;.

In order to carry out our approach for more general classes of arrangements
and configuration spaces, one has to prove results similar to those in [Su] and
[Su-Wa] for the relevant lattices. This requires a thorough understanding of the
intersection lattice L 4 of the arrangement, both topologically and combinatorially.
For the spaces in cases (A) and (B) the intersection lattice L 4 of the corresponding
arrangement is always naturally embedded as a join sublattice in the lattice of set
partitions 11, of the set {1,...,n}.

For an integer partition A F n of n, the manifold M¢ is the complement of an
arrangement A‘i in R? whose intersection lattice L Al is isomorphic to the join-
sublattice Iy of II, generated by all partitions 7 of type A. The type of a set
partition 7 is the integer partition of n arising from the set of block sizes of .

e The “k-equal” lattice I 1~y Was first considered in [Bj-Lo-Y] (denoted
there by II, ;) and [Bj-Lo]. It was then investigated by Bjorner and
Welker, who showed in [Bj-We] that any lower interval in IT(, j»-& has the
homotopy type of a wedge of spheres, and determined the Betti numbers.
In [Su-Wa] Sundaram and Wachs determine the characteristic of the S,,-
representation on the homology of IL(;, 1n-r). For general A F n the lattices
IT, were introduced in [Bj4] as the intersection lattices of Bjérner’s orbit
arrangements.

e The k-divisible lattice Iy is the intersection lattice of the orbit arrange-
ment corresponding to the partition (k°) of n ([Bj4, Example 3.3]). This
lattice has been studied by various authors ([C-H-R], [Sa], [Wa]). In par-
ticular it follows from [Sa] and [Wa] that A(II(4e)) is a Cohen-Macaulay
space, and the Betti numbers are known ([St1]). We carry out (STEP 3)
for the manifolds M¢ for A = (k,1"7%) and X = (k%).

For a given poset P our reduction (STEP 1) transforms all problems into prob-
lems regarding the reduced simplicial homology group H.,(A([0,z])) of the order
complex of a lower interval [0,z] in P. For the sake of a concise notation we shall
write H.,(0,z) for H,(A([0,z])) and H.(P) for H,(A(P)), and similarly, A(0, z)
for the order complex A([0, z]). For the rest of this paper we assume that all sim-
plicial (resp. singular) homology is taken with COEFFICIENTS IN THE FIELD Q OF
RATIONAL NUMBERS.

There are other interesting configuration spaces which arise as orbits of com-
plements of subspace arrangements (see for example the spaces treated by Arnol’d
[Ar3], Epshtein [Ep]|, Vassiliev [Va2, Chapter III|[ and Guest, Kozlowski, and Ya-
maguchi [Gu-Ko-Y]). The ordered cases and the corresponding cohomology rep-
resentations do not seem to have been considered in the references given above.
Moreover although the torsion-free part of the integral cohomology of the orbit
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spaces appears to be “the easy part” there does not seem to be a general approach
for this problem. We therefore propose the approach outlined in (STEP 1)-(STEP
3) as a general method for tackling such problems.

We would like to thank A. Bjoérner for inspiring the research program of this
paper, and A. Bjorner and M. Wachs for many discussions. We also thank V.I.
Arnol'd and V. Vassiliev for providing invaluable information and references to
their work.

2. (P,G)-DIAGRAMS AND A GORESKY-MACPHERSON FORMULA
FOR G-MODULES

In this section we extend the formula of Goresky and MacPherson [Go-MacP]
for the cohomology of the complement of a subspace arrangement A to cover also
the G-module structure of the cohomology of the complement of a G-arrangement.
As a special case we obtain a result of Orlik and Solomon [O-So] on complements
of complex hyperplane arrangements. Our results are more general and avoid the
use of de Rham’s cohomology. On the other hand we are unable to determine the
structure of the cohomology algebra by our methods.

Our approach to the Goresky-MacPherson formula follows the proof of the for-
mula given by Ziegler and Zivaljevi¢ [Zie-Z]. We shall outline an equivariant ap-
proach, in which the first steps are based on their work. We omit the proofs, which
are simple adaptations of the ones given by Ziegler and Zivaljevié. One can also
use a Mayer-Vietoris spectral sequence, taking into account the group action (see
[Je] for this approach in the non-equivariant case). However, our approach has the
advantage that it provides more insight into homotopy.

First we introduce the notion of a (P, G)-diagram. Let X be a space on which
the group G acts as a group of homeomorphisms. In general we call a space X
on which a group G acts by homeomorphisms a G-space. (We define similarly the
notion of a G-set and a G-poset.) Assume there exists a sequence (D )zecp of open
and closed subspaces indexed by a G-set P such that:

(i) D, NDy =0 for z # y.
(ii) (D.)Y = Dya.
(iii) | JD-=X.
reP

Now assume further that P is a G-poset ordered by “<” and that for all z < y in
P there is a mapping dy, : D, — D, such that dgy(2)9 = dyoys(29). Then we call D
a (P, G)-diagram. In case G = 1, a (P, G)-diagram D is a functor from the poset P
(regarded as a small category) to the category of topological spaces ([Bo-Ka], [Se],
[Vol, [Zie-Z]). A (P,G)-diagram can also be interpreted as a functor from a suitable
category (here the semidirect product of P and G) to the category of topological
spaces, but we do not want to emphasize this point of view, since we are interested in
concrete examples. In this paper we shall be concerned with the following example
of (P, G)-diagrams. Let X be the link D 4 of a G-arrangement A of linear subspace
in R". For each z € P := L4 — {0} let D, be the space ST™®) ™1 = gn-1 1 4.
For x < y the mapping d, is the inclusion from D, into D,. One immediately
verifies that the conditions (ii)-(iii) are satisfied. Let us denote by [] the sum of
two topological spaces. We set X' = H §dim(@)=1. then X’ can be equipped with

z€A
a G-action in the following way. For a subgroup H of a group G and a H-space Y,
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we denote by G x g Y the G-space induced from the H-space Y. More precisely, this
is the orbit space (G x Y')/H of the (G x H)-space G x Y, where (¢g,h) € G x H
maps (¢',y) € GxY to (g¢’h~t,y") [tDi, (4.2)]). In the sequel we shall use the fact
that by the functoriality of this construction there are isomorphisms of G-modules
H*(GxpY)~IndGH*(Y) and H,(G x5 Y) = IndG H,(Y).

Now let G, be the stabiliser of the subspace x in the arrangement A. The iden-
tification of X’ with H G x@, SE™@ =1 makes X' into a G-space. If for z € A

z€A/G
and g € G we set DA = (g, S2™®) 1) C X', then DA satisfies conditions (i)-(iii).
The natural inclusions dfy for x < y satisty dfy(z)g = dh0(29). Let A/G be a
set of representatives of the orbits of G on A, and denote by G, the stabiliser of
x € A. Then the G-action on H G x@, STm@) =1 makes X’ and (DA),cp a pair
z€A/G

which satisfies conditions (i)-(iii). Therefore DA is a (P, G)-diagram. Moreover the
(P, G)-diagram D4 satisfies the additional assumption:

(HOM) For any element x of P the induced mapping

Ud:, : £.(JD,) — H.(Dy)

<y <y

is trivial.

This follows from the fact that in this case the image of U D, is a k-dimensional

<y

complex embedded in the (dim(z)—1)-connected space for k < dim(x)—1. But this
mapping is NOT G-homotopically trivial in general. Assume for example that the
cyclic group Cy of order two acts on the standard 1-sphere in R? by the reflection
along a line through the origin. Then the embedded 0-sphere (i.e. the intersection of
the line with S') is not Ca-contractible in S, since this would change the homotopy
type of the space of Cs-invariant points. This is indeed the reason why, as mentioned
above, we cannot reformulate Theorem 2.4 by homotopy methods. There seems
to be no easy generalisation of the Wedge Lemma of [Zie-Z]. More generally let
A = {D,|z € P} be a set (or arrangement) of closed subcomplexes of a CW-
complex X (we need that inclusions of subspaces are cofibrations), which is closed
under taking intersections. Assume further that X is a G-space and that A is
invariant under G. Let P be the poset equipped with reverse inclusion as a partial
order. Via the construction described above, the set of subspaces gives rise to a
(P, G)-diagram D#. But in general D fails to satisfy (HOM). For a poset P we
denote by P the poset P enlarged by an artificial least element 0 and a largest
element 1.

We assume from now on, that all topological spaces occurring in the paper are
CW-COMPLEXES.

To each (P, G)-diagram D there is an associated space ||D||, which is the quotient
space of the space HA(@) x D, by a relation “=”, defined as follows. Let Y

reP
be the set HA(@) x Dy. For a space A(FS\I) x Dy we denote by « : A(@) X
<y

D, — A(F;y) x D, the mapping induced in the first component by the inclusion

of A(]g;) into A(]S;y) and in the second component by the identity on D,. By
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g A(ﬁ;) x Dy, — A(ﬁ;w) x D, we denote the mapping induced in the first
component by the identity on D, and in the second component by the mapping d,,.
Now the relation “=” is generated by a(u,v) = B(u,v). The space H A(P<z) XDy

zeEP
carries in a natural way the structure of a G-space. Namely, let P/G be a set of

representatives of the orbits of G on the G-set P. Then HA(IE;) x Dy is G-

reP

homeomorphic to H Gxga, (A(F/’S\I) x D). Analogously H A(Zg;) x Dy carries
z€P/G <y

a G-operation via its identification with H G xa,, (A(P<z)xDy). Here G,

r<yeP/G
denotes the stabiliser of the elements x and y (i.e. the intersection of G, and G,).
The construction immediately implies (a,b) = (¢,d) < (a9,b9) = (¢9,d9) for all
g € G. In particular the space ||D|| is a G-space.

Lemma 2.1. (Equivariant Projection Lemma [Zie-Z], [Se], [Bo-Ka, XII.3.1(iv)])
Let A be a G-arrangement of subspaces of the G-space X . Let P be the intersection
poset of A and let DA be the corresponding (P,G)-diagram. Then the union of
the subspaces in the arrangement A and the homotopy limit | DA are G-homotopy
equivalent.

Before we can compute the homology of the homotopy limit ||D]| of a (P, G)-
diagram D we have to introduce some facts about Whitney homology. The Whitney
homology of a simplicial complex A is the homology of A with respect to the dif-

n—1

ferential 0 which maps an n-simplex (zg, ... ,z,) to Z(—l)i(xo, ey Biy et Tp).

i=0
Whitney homology of order complexes of posets is studied in [Ba] and [Bj2]. For a
finite group G and a Z[G]-module M, we denote by W H;(A, M) the ith Whitney
homology of A with coefficients in M. We shall use the following result of Bjérner
[Bj2]. Bjorner’s original formulation does not involve group actions, but the same
proof gives the following proposition. (See [Su, Theorem 1.2].)

Proposition 2.2 (Theorem 5.1, [Bj2]). Let P be a G-poset for a finite group G
and let M be a Z[G]-module. Assume that 0 is the least and 1 is the greatest
element of P, and assume that P/G is a set of representatives of G-orbits on P.
Then the following isomorphism of G-modules holds :

W H; (A( >~ (B mdg Hi(A([0,]), M).
z€P/G

Proposition 2.3. Let D be a (P, G)-diagram satisfying (HOM). The following iso-
morphism of gmded G-modules holds :

A (Pl) e @ mdg, (H.1(AP<,) ® H.(D)).

z€P/G

Proof. We denote by 0 an artificial least element of P. The proof is based on the

argument given in [Se, (5.1)]. For an n > 0 and a poset Q we denote by A(Q)™

the set of all i-simplices in A(Q) for i < n (i.e. the n-skeleton of A(Q)). By “=,”

we denote the restriction of “=” to the G-space ||D||™ := H A(ﬁ;)" X Dy. In
zeP
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particular this gives rise to a filtration of G-spaces
ID1°= ([T AP’ x D/ =) < IID||* = -+ < 1P| = [] A(P<s) x Do/ =
zeP z€eP
Assume that the product (zg < 1 < -+ < x,) X ¢ is an (n+m)-cell in the space
H (g < -+ < xp) X Dy, . The differential O((zg < 21 < -+ < zp) X ¢) of the

o< <Tn
corresponding cell in ||D|| is then given by

n—1

Z(_l)i($0<"'<ifz‘<"-<arn)><c

(2.1) =
+ (_1)n($0 < e K ZZ?n_l) X dznmn71(c)

+ (_l)n-l-l(xo < e <& ;pn) X 8(0)

In the spectral sequence associated to the filtration ||D||™ the E'-term is given

by E} . = Huim(| D", |DI"~"). From the construction of ||D|| we infer that
there is as a G-module E}Lm is isomorphic to
G
@ IndStab(U)Hm(Dmaz(o))u
ceEA(P)" /G

where maz(o) denotes the maximal element of the n-simplex ¢ and A(P)"/G
denotes a set of representatives of orbits of n-simplicies.

Thus the differential d' of the E' term in our spectral sequence is given by
the first two terms in (2.1), By (HOM) the second term vanishes, thus only the
first term contributes to the E7, . But this implies that D' is the differential of
the Whitney homology with coefficients in the Stab,,qu(s)-modules Hy, (Diaz(o)-
Therefore by Proposition 2.2 Eg)m is given by the following formula.

(2.2) E,.= P Indngn_l(A(ﬁ,x),ﬁm(Dz)).
z€P/G

It is easily seen from (2.1) that the differential d? is 0 in this case (see also [Se]
for discussions of the general case). Moreover, since we are working with homology
with coefficients in the rationals, we can apply the Universal Coefficient Theorem.
Therefore the homology of ||D|| is given by

H(P) = @ @ M, (Hur(A0,2) ® Hnr(D2)).

z€P/G i=n+m
O

Note that we use only the fact that our coefficients are in a field of characteristic
0 in the last step. The same argument goes through if we assume that the integral
cohomology of D, is free for all x € P. In particular this is true for diagrams of
spaces induced by arrangements of linear subspaces. But we shall not use this fact
except in the Theorem 2.4 (i), since we do not pursue representation theory over Z.

Theorem 2.4. (i) [Go-MacP], [Hu], [Je], [Va2], [Zie-Z] Let A be an arrangement
of linear subspaces in R™. Then

Hy(D.a) = @ ﬁi—dim(z)—l([ovx]ﬂz)'

wELf‘ﬁ
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(ii) Let A be a G-arrangement of linear subspaces in R™ for a finite subgroup G
of Gl,,(R). Then the following isomorphism of G-modules holds

ve(L3%)/G

Proof. The intersection of a linear subspace of R™ of dimension k with a the unit
sphere S"~! is homeomorphic to a (k — 1)-sphere S*~1. Now let W < V be two
subspaces in the arrangement A. Then V N S™~ ! is a S¥™(V)=1_sphere embedded
in the (dim(W) — 1)-sphere W N S"~!. These embeddings induce a trivial map

(YvnshH—HWns™.

W<V
Therefore the arrangement A satisfies (HOM), and the assertion now follows from
Proposition 2.3 (for part (i) use the remark preceding this theorem). O

By Alexander duality, taking orientation into account, we deduce the following
equivariant Goresky-MacPherson formula (part (ii) below). For a subspace x of
R™ we denote by z' its orthogonal complement with respect to the G-invariant
symmetric form (,)q.

Theorem 2.5. (i) [Go-MacP], [Hul, [Je], [Va2], [Zie-Z] Let A be an arrangement
of linear subspaces in R™. Then

Hl M_A @ Hcodzm(w) —i— Q(A([O ]))

zeLj"

(ii) Let A be a G-arrangement of linear subspaces in R™ for a finite subgroup G
of Gl,,(R). Then the following isomorphism of G-modules holds

ﬁi (MA) = @ Indgm(ﬁcodim(w)—i—Q(A([Oa ZZ?])) & Hcodzm(w) 1 (Scodzm(w) 1))
ve(L3")/G

Proof. Let w denote the mapping which assigns to each x € M 4 the closest intersec-
tion of the line through x and the origin with the unit sphere S”~!. Then 7 is easily
seen to be a deformation retract which is G-equivariant. The image of M 4 under
is the complement of the link D 4 in S™~1. In particular H*(M 4) & H*(S" 1D 4)
is an isomorphism of G-modules.

Now part (i) follows immediately by Alexander duality [Mu, 71.1] on the sphere.
For part (ii) we have to look at the Alexander duality isomorphism a bit more
carefully. The Alexander duality isomorphism for the subset D4 of S”~! is given
(see proof of [Mu, 71.1}), for ¢ > 0, by

HY(S"™ ' — D)2 Hy1_(S" ', D4) =2 Hy_1_i(D4).

The first isomorphism is induced by Lefschetz duality and the second isomorphism
is given by the mapping 0*, induced by the boundary operator 0 of the pair
(S"~1, D). Moreover 9* is a G-equivariant mapping, whereas Lefschetz duality
commutes with the group action only modulo orientation. For ¢ = 0, a modified ar-
gument yields the same final result: the Alexander duality isomorphism commutes
with the group action up to orientation.

In precise terms, the effect of the group action is the following, for arbitrary ¢ > 0.
Let o be an arbitrary orientation of the G-invariant sphere S”~!. Then o determines
([Mu, §72]) a Lefschetz duality mapping 7,. For an arbitrary cocycle ¢ € H*(My4)
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and an element g € Gl,,(R) we have (7,(¢))? = o9 (7). In particular the mapping

is G-equivariant up to orientation: 09 = det(g) - 0. Hence (7,(c))9 = det(g) - vo(c?).

Since det(g) is the character of g on the homology of the sphere S™~!, Theorem 2.4

implies that H?(M_4) is isomorphic to Hy,_1_;(D.4) ® Hn_1(S™!) as a G-module.
For any x € A the sphere S™~! is G,-homeomorphic to the join

Sdim(m)—l %* Scidim(w)—l '

Therefore ﬁn_l(sn—l) = ﬁdim(w)—l(sgim(w)_l) ® ﬁcodim(w)—l(‘s’;f_dim(w)_l) as Gz‘
modules. By basic manipulations the assertion now follows from Theorem 2.4. [

Ezample 2.6. (i) Let A consist of a single hyperplane H in R™. Then A is invariant
under the cyclic group G of order 2 generated by the reflection in H. A is also
invariant under the cyclic group G2 generated by a reflection along a hyperplane
containing H+. (Note that L4 contains only a single point.) Now G (resp. G3)
preserves the orientation on S"~'NH (resp. S"~'NH~) and reverses the orientation
on S""' N HL (resp. S"~' N H). Hence from the proof of the previous theorem
we deduce that G; (resp. G2) acts trivially (resp. by mutiplication by —1) on
H,_5(D4) and by multiplication by —1 (resp. trivially) on Ho(M.4).

(ii) Let A be an arrangement of hyperplanes in R”. Let G be a finite subgroup
of Gl,(R) that acts faithfully as a group of permutations on the set of connected
components of M 4. Then Theorem 2.5 provides a decomposition of the permuta-
tion module H°(M_4)—which, in some cases (see Corollary 4.5) turns out to be a
new occurrence of a classical one.

(iii) Assume the situation of (ii). Let A® be the complexification of the ar-
rangement A (i.e., the complex hyperplanes in C" defined by the same forms as
the hyperplanes in R™ in A). Then the G-modules H*(M 4c) are essentially the
same as those occurring in the decomposition of HY(M 4) but the different twists
by modules of the form ﬁcodim(w)_l(S;idzm(w)_l) produce an interesting vanishing
property of the alternating sum (see Corollary 2.11).

In order to determine the representation of G' on H {(M 4) we have to understand
the representations of finite subgroups G of GI,,(R) on the homology H, 1 (Sn—1.
The following elementary fact will give the key information which is necessary in
this context.

Lemma 2.7. (i) Let G be a finite subgroup of Gl,,(R). Let d > 1 be an integer. Let
G(d) = G be the diagonal of the subgroup G X --- x G of Gl,,q(R). Then G acts in
—_———
d times

an orientation-preserving manner on St if either d is even or if G acts in an
orientation-preserving manner on S™ 1.

(il) Let G be a finite subgroup of Gl,(C). Then G acts in an orientation-
preserving manner on S2" 1,

Proof. The first assertion follows from the fact that the action of a matrix A pre-
serves the orientation on the unit sphere if and only if det(A) = 1. By the same
argument it suffices to show for the second assertion, that if we regard G as a sub-
group of Gla, (R), then all elements of G have determinant +1. Now an arbitrary

n
matrix of finite order in GL,(C) has determinant He“"ﬂ (as usual e denotes the

Jj=1
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base of the natural logarithm). Each €% acts on C =2 R? by rotations. In particular
its determinant as an element of Gla(R) is 1. O

A good example of the difference between subgroups of GL,(C) and Gi,(R)
in the preceding lemma is given by the action of complex conjugation on C™. If
G = () is the cyclic group of order two generated by the complex conjugation, its
action on ﬁgn_l(S’Q”_l) is nontrivial.

The next corollary generalises an analogous result for complex hyperplane ar-
rangements of Orlik and Solomon [O-So, Corollary 4.7]. In particular the following
corollary applies for complexified arrangements. For an arrangement of subspaces
A in R™ we denote by A the arrangement of linear subspaces in C™ which are
defined by the same (real) equations as the subspaces in A. In particular L4 and
L 4c are isomorphic lattices. The arrangement AC is called the complezified ar-
rangement corresponding to the arrangement A. If A is a G-arrangement for the
group G < Gl,(R) then A® is a G-arrangement for the group G considered as a
subgroup of Gl,,(C) (see also Lemma 2.7 (i)), with the action on a complex vector
X + iy given by

Ax +iy) = Ax +iAy
for all A € G.

Corollary 2.8. Let A be a G-arrangement of C-linear subspaces in C™ for a finite
subgroup G of Gl,,(C). Then the following isomorphism of G-modules holds

Eri (MA) =a @ Indgx (ﬁcodim(z)—i—2([67 1‘])) :

2Ge(L30)/G

Before proceeding to the next corollary we recall a well-known theorem (see for
example [Bre, p. 120]).

Proposition 2.9. Let K be a simplicial complex on which a finite group G acts as
a group of simplicial automorphisms. Let H;(-) denote reduced singular homology
with coefficients in a field of characteristic 0. Then for all i there is an ismorphism
of the space of G-invariants H;(|K|)¢ of the G-module H;(|K|) and the homology
Hi(|K]/G).

Note that the dimension of the space H;(|K|)€ is given by the multiplicity of the
trivial G-representation on H;(|K|). Of course the analogous statement holds for
singular cohomology. As an immediate corollary of Theorem 2.4 and Proposition
2.9 we obtain:

Corollary 2.10. Let A be a G-arrangement of C-linear subspaces in C™ for a finite
subgroup G of Gl,,(C). Then

H'(Mu/G) = H,_;_1(D4/G).

For example, if G = S;, acts by permuting coordinates on a G-invariant arrange-
ment A, then Corollary 2.10 holds by Alexander duality even for integral coho-
mology. In this case the one-point compactification S?" of C" is G-homeomorphic
(the point at infinity is a fixed point) to the suspension of S?"~!. The sphere S?"
can be decomposed as the disjoint union of the suspension XD 4 of D4 and M 4.
Since C"/S,, = C", we deduce that S?" = §27/S, S = %(D4/S,) U (M_4/Sn).
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This proves the assertion via Alexander duality on the sphere. But it remains open
whether in general the duality of Corollary 2.10 holds for integral coefficients.

The following corollary generalises results given by Orlik and Solomon [O-So] for
complex hyperplane arrangements.

Corollary 2.11. Let A be a G-arrangement of linear subspaces in R™ for a finite
subgroup G of Gl,,(R). Then the virtual G-module

Y CUH (Mye)

i>0
vanishes. Moreover the Euler characteristic of M4/G is 0.

Proof. The first assertion follows from the “equivariant acyclicity” of the Whitney
homology established in [Su, Lemma 1.1]. This means that the virtual G-module

> (=1)'WH;(P)

i>0
vanishes for an arbitrary poset P. The second assertion follows from the first by
Proposition 2.9. O

3. THE GROUP ACTION ON THE WHITNEY HOMOLOGY OF THE LATTICE I},
A= (k,1"7F) AND \ = (KY).

This section serves to recall the results and notation from [Su-Wa| and [Su]. In
Section 4 these results will be applied to the study of the orbit and configuration
spaces associated to the manifolds /\/lgl\. We shall make use of the representation-
theoretic results in [Su-Wa] for A = (k, 1"~%), and those in [Su] for A = (k*).

Let s = (11 > p2 > ...) be an integer partition of n. Denote by S, the Young

subgroup of S, corresponding to the partition y, i.e., S, is isomorphic to x S,,.
i>1

We denote by S,[G] the wreath product of the symmetric group S,, with the group
G. Finally we write Ng,(S,) for the normaliser of the Young subgroup S, in S,.
Using the notation g = (1™*,2™2,...) to indicate that m; is the multiplicity of
the part j in the integer partition u, then clearly Ng, (S,) is the direct product of
wreath products xS, [S;].

J

In the sequel we will need much of the notation of [Su, Section 1]. For background
on symmetric functions and plethysm, we refer to [Macd]. As in [Macd] we denote
the Frobenius characteristic by ch. Let G be a finite group. If V is an S,,,-module
and W is an G-module, we write V[W] for the wreath product module canonically
induced by the representations @ "W of x™ G and V of 5,,.

When G is itself a symmetric group S, we write ch(V[W]) for the characteristic
of the S,,.-character of the induced module IndEZTSC](V[W]). We shall need the
following fact about wreath product modules: the characteristic ch(V[W]) is the
plethysm ch(V)[ch(WW)].

For an arbitrary partition A of n, the Schur function indexed by A is denoted
sx as in [Macd]. We shall use the notation sy for both the corresponding irre-
ducible representation and its Frobenius characteristic (i.e., the Schur function for
this shape). In particular for n > k > 2, we denote by s(; 1) the irreducible
representation of S,, indexed by the hook shape (k, 1"~%).

We write h,, for the trivial representation s(,) and e,, for the sign representation
5(1my- (In the notation of [Macd], hy, is the homogeneous symmetric function and
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en, is the elementary symmetric function.) Finally as in [Macd] we denote by w the
involution in the ring of symmetric functions which takes h,, to e,.

Two particular symmetric functions will arise frequently in our calculations in
Section {lv These are m,, the Frobenius characteristic of the S,-action on the ho-
mology H,,_3(II,) of the full partition lattice II,,, and ¢,, the characteristic of the
Sp-action on the multilinear component, of total degree n, of the free Lie algebra.
It is a well known fact that £, = w(m,); in terms of S,-actions this says that the
two representations differ only up to tensoring by the sign.

Recall from Section 2, (or [Bj2, Theorem 5.1]), that the Whitney homology in
degree p > 0 of a poset P, is given by

WH,(P) = P Hp—2(0, ).
zeP
Theorem 3.1 ([Su-Wa, Theorem 3.7]). The contribution in degree p > 0 of the

representation on the Whitney cohomology of 1, 1n—xy, tensored with the sign, is
given by the degree n term in the characteristic

Z Zwk Zer[Zm |degt ZS(j—kH,lk*l) €s»

>0 t>1 r>1 i>1 >k

where the sums range over all subscripts r,s and t such thatp =n—r—s—t(k—2).
Note that W Ho (I, 1n—xy) is the trivial S,-module.

Finally we record the same calculations for the lattice Il consisting of parti-
tions in Iy, all of whose block sizes are divisible by k. The representation of the
symmetric group on the top homology of Il ;) was first determined in [C-H-R].
For the purposes of the computations in the next section, we shall need the repre-
sentation on the Whitney homology as described in [Su]. Denote the characteristic
of the action of Si; on the (top) homology Hy—o(IL4ey) by Wfk_f). We have
Theorem 3.2 ([Su, Lemma 1.1 and Theorem 5.3]). The characteristics Wfk_f) are
determined recursively by

/—
o = > (=) i ch(W H, (T ey ).
i=0

=

The characteristic of the rth Whitney homology of ey, for r = 1,... ,n, is
given by

Ch(WHr (H(k@))) = Z H hm2i—1 [W(Zli;i:il)]emzi [W(le;i]
ARE, L(N)=f+1—r i>1
A=(K™1,(2k)™2,...)

Note that W Ho(IL 1)) is the trivial Ske-module, while 7r(_k11) 18 the trivial Sk-module.

4. ORDERED AND UNORDERED CONFIGURATION SPACES

In this section we use the results of Section 3 to analyse the topology and
(co)homology of the orbits of the G-operation on the link D4 and on the com-
plement M 4 of the G-arrangements A.

We shall state some general results on the ordered configuration spaces Mf and
the unordered configuration spaces M¢%/S,,, for an integer partition A of n. In order
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to do this, we first record, in Example 4.1 below, the sign twists which arise in the
Goresky-MacPherson formula Theorem 2.4 (ii). These are the representations on
the homology of the spheres Sdm@ =1 and S;idlm(w)_l in Theorem 2.4 (ii) and
Theorem 2.5 (ii), which are induced by the action of the stabiliser of a subspace
on the homology of its intersection with the unit sphere S”~!. The statements in
Example 4.1 follow from elementary linear algebra; the proofs are therefore omitted.

Ezample 4.1. (i) Let 7 be a reflection along a hyperplane in R™. Then 7 acts
by multiplication with —1 on ﬁn_l(Sn_l). This follows from the fact that the
reflection 7 has determinant —1 and hence acts on S”~! in an orientation-reversing
manner.

(ii) Let A = (1™1,2™2 ..., n™") be an integer partition of n. Let G = S,, be the
the group of monomial matrices in Gi,,(R) with entries 0, 1. Then the action of the
normaliser Ng, (S)) = S, [S1] X Smy [S2] X - - - X Sy, [Sp] of Sy in Sy, on H,y_1(S™1)
is given by the restriction ® €1 1€2i—1] ® hun,, [€2:] of the sign representation of

i>1
S, to Nsn(S)\).

(iii) Let .A¢ be the orbit arrangement with parameter A - n in R9" for an oDD

number d. Let x € L A = = II, be the subspace corresponding to the partition

= (1™1,2™2, ...,n™). Then the normaliser of S, in S, acts on Sz y
®em7 ] and on S;idim w1 by ®hm2171[621_1] ® €my; [€2i]. Since the sphere
i>1 i>1
571 is homeomorphic to the join of spheres S&™(®) 1 4 S;idim(w)_l, the Kiinneth
formula implies that the representation of S,, on the sphere S”~! is given by the
tensor product of the two preceding representations. This confirms the result of
part (i).

dim(z)—1 b

Proposition 4.2. Let A be an integer partition of n.

(i) Let d = 1. The orbit space M3, /S, is contractible for all partitions X of n.

(i) If d is an arbitrary odd number, then H'(M$/S,) =0 for all i.

(iii) Let I(\) denote the length of the partition . If d is an arbitrary even
number, then Hl(./\/l /S )2 Q fori=d-(n—1(N\)— 1. Moreover for any d > 1,
the cohomology of /\/l ¢, and hence of its orbit space, vanishes in degrees less than
d-(n—1(\) -1

(iv) x(M$/S,) =0 if d is even and x(M$/S,) =1 if d is odd.

Proof. (i) The orbit space R™/S,, is homeomorphic to a product of a copy of the
real line with a closed (n — 2)-dimensional simplicial cone. Geometrically it can

be identified with the subset of R™ consisting of points (z1,...,2,) such that
21 < --- < x,. Now the orbit of S"~! under the S, action corresponds to the
points (z1 < --- < x,) at unit distance from the origin. In particular the orbit

of the link D Al s, is homeomorphic to the S”~2-sphere in the boundary of the
orbit space S"~1/S,,. The interior of S"~1/S,, is homeomorphic to an (n — 1)-ball.
It follows that the orbit of M%Q)ln,z) is homeomorphic to the direct product of the
real line with a cone over an open (n — 1)-ball. In particular it is contractible.
Now the orbit space M} /S, is the space M%mn,z)/Sn, with some cells added to
the boundary. But adding cells to the boundary preserves the property of being
contractible.
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(ii) By part (i) the space M} /S, is contractible. This in turn implies by Propo-

sition 2.9 that the trivial representation does not occur in @IA{Q(M}\) By the
i>0

Goresky-MacPherson formula, Theorem 2.4 (ii), and by Examp:le 4.1 (iii), the sum

@ﬁi (M3}) and the sum @EIZ(M‘i) are isomorphic G-modules for odd d. Con-

i>0 i>0

séquently the trivial representation does not occur in the latter sum for any odd

d.

(iii) First we claim that for arbitrary d > 1, the cohomology of M¢ vanishes if i <
d(n —1(X)) — 1. From the ordinary Goresky-MacPherson formula, the contribution
to cohomology in degree ¢ is @ ﬁj(m,i) (0, x), where j(z,i) = codim(z) —i — 2. If

zelly
x is a partition of type u, then codim(x) = d(n — I()). The length of the longest
chain from 0 to x is bounded above by I()\) — I(x) + 1, and hence the homology
of the interval (0,2) in Iy occurs in degree equal to at most I[(\) — I(u) — 1.
This gives j(z,i) = d(n — l(n)) — 1 —2 < I(A) — l(u) — 1, or equivalently, i >
(d—1)(n—1U(p)+ (n—1(\)) — 1. The claim follows by observing that the minimum
value of ¢ is achieved for the maximum value of (1), which occurs when g = A.

In particular it follows that if d > 2, only elements of type A contribute to the
lowest degree in the cohomology. Hence for d > 2, ﬁd(”_l(k))_l(/\/lﬁl\) is free with
rank equal to the number of atoms of II,.

Now we examine the representation on the cohomology in this dimension. For a
partition z of type A the homology H .([0, z]) is concentrated in dimension —1, and
affords the trivial Ng, (Sx) action. Therefore IndISV"S (Sk)fl*([(),x]) is a transitive
permutation module. Theorem 2.4 (ii) and the remarks preceding this paragraph
imply that for even d, Hd(n—l(0)-1 (/\/lﬁl\) contains the trivial representation exactly
once. The statement about the orbit space now follows from Proposition 2.9.

(iv) For odd d this follows from part (ii). For even d the assertion is implied by
the second part of Corollary 2.11 for d = 2. For arbitrary even d the claim follows
from Theorem 2.4 (ii) and Lemma 2.7 (ii). They show that the trivial representation
is shifted by an even degree when passing from d = 2 to another even d > 2. O

In particular this implies the following result about spaces of polynomials with
restricted root multiplicities.

Corollary 4.3. Let X be an integer partition of n. Then the space M3 /Sy, of monic
polynomials in Clx] of degree n with multiplicity of zeros y such that p is not coarser
than \ satisfies:

(i) H2 210" HME/S,) = Q.
(i) H{(M2/S,) =0 fori<2n—2-1(\) —1.

Proof. This follows directly from Proposition 4.2 by the usual identification of
C"/S,, 2 C™ with the space of monic polynomials of degree n in Cl[z]. O

Although for odd d the orbit space M4 /S, is acyclic over the rational numbers,
it is not true that in general Mﬁl\ /Sn is contractible. This is of course a well-
known fact, but we include the argument for the sake of completeness. Consider
for arbitrary d the map that sends an element x = (x1,...,2,) to its “average”
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n

fx) = %le € R?%. This map induces a trivial S,,-invariant fiber bundle of M‘i
i=1

over R? whose fiber is the complement of the arrangement A% in the subspace

Vo = R4 defined by %sz = 0. Since f is Sp-equivariant over the trivial
i=1

Sp-space R? this induces a trivial fiber bundle of the orbit space M¢/S,, over R?.
Its fiber is the orbit of Vg — .A¢ under the action of S,,. Now assume A = (2,1"72)
and n = 2. Thus Vo = {(z,—2) |z € R? } and Vo — A¢ = {(z,—2) |0 # x €
R? } =2 R? — 0. The Sy action corresponds to the reflection z +— —x on R%. In
particular {(z, —z) | 0 # 2 € R? } /S, is homotopic to real projective (d — 1)-space.
Therefore it is not contractible for d > 1. More precisely, for d > 1 we have,

. Zo ifiisoddand 0 <i<d—1,
H' (M) /S2,2) =S Z ifd—1isoddandi=d—1,
0  otherwise,

Now we begin investigating properties of the spaces ./\/l‘(ik,ln,,c). Before we study
representations and orbit spaces, we shall give a description of the integral coho-
mology of M?k71n,k). For d = 1 and d = 2 this has been done in [Bj-We] and
the general statement is a simple corollary of their methods. By the results of
Bjorner and Welker, it is clear that PNIZ- (I, 1n—+), Z) is a torsion-free Z-module and
is nontrivial if and only if i = n — 3 — t(k — 2) for some 1 < ¢ < [Z]. We shall
denote by BékJ"*’C) the ith Betti number of the complex A(II, 1n-x). Recall also
from Section 3 that ¢,, denotes (the characteristic of) the S,-representation on the
multilinear part of the free Lie algebra on n generators, and that w(¢,,) = m,, where
Ty, is the representation on the top homology of II,,.

Theorem 4.4. (i) [Bj-We, Theorem 5.2, Theorem 5.4] The integral cohomology of
lek 1n—k) is free and is nontrivial in dimension i if and only if

to(k—2)+(d—1)(th—m) <i<tlk—2)+(d—1)(n—m)

for some1l <m<t< L%J

(ii) [Bj-We, Theorem 5.2, Theorem 5.4] If ¢ - (k — 2)
t(k —2) + (d —1)(n —m) for some 1 < m <t < |}]
M((ik,l"*k) is given by the sum

a1—t1(k}—2)—3 am—tm(k—Z)—B
2 2 D BRLANTT B
1<m<t<| 2] a1+ tam<n tit ot =t
aizk 1<t; <]
t(k—2)+(d—1)(; aj—m)=i

+(d=1)(tk—m) <i<
, the ith Betti number of

(iii) Write Hy, for the sum of symmetric functions ZS(j_k+171k—1). The charac-
j>k
teristic of the Sy-representation on the i-dimensional cohomology of the manifold
./\/l?k 1n—kys equals the degree n term in the sum

Z wr,&ta

rt>1,s>0i=(d—1)(n—r—s)+t(k—2)
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where Y, 1 15 given by

( Z€ |dcgt [Hy] ) hs, if d is even,

i>1

ZZ }dcgt Hy)  hs, if d is odd and k is even,
1>1

(‘Uthr[Z(—l)iﬂ'z‘] |degt [Hi]  hs, ifd and k are odd.

i>1

When k = 2, these formulas simplify, so that the S,-module structure of the
cohomology group Hi(/\/l‘(i2 1n,2)), fori=(d—-1)(n—p), 1 <p<n-—1,is given by

the degree n term in
w(ep[z&-]), if d is even,
i>1
hp[> i), if d is odd.

i>1
Proof. The proof of parts (i) and (ii) follows essentially the lines of the proof given
in [Bj-We, Theorems 5.2, Theorem 5.4] for d = 1,2. In order to get contribution to
cohomology in dimension 4, by the Goresky-MacPherson formula we must have that
Hcodim(w)_i_g([ﬁ,li]) does not vanish for some z € Tl(; 1»—+). Now let ay,... ,an
be the sizes of the blocks in & € II(, ;»—#) which are nontrivial (i.e. have size > k),
s={a; | a; = 1}’ and m; = ’{ai | a; = j}| for j > k. By [Bj-We, Theorem 1.5]
the homology of the posets Il 1n-«) is free. The interval [0, x] is isomorphic to the

direct product X (I(g,15-#))™ . By the Kiinneth formula its homology is also free
=k

and from [Bj-We, Theorem 4.8], is concentrated in dimensions
a1—tl(k—2)—3—|—~-~+am—tm(l€—2)—3+2(m—1)

Z 2)) —m -2,

for some 1 < t; < |[%]. The codimension of the subspace corresponding to the

partition z is (n — m — s)d. We set t = Zti' Obviously n > ¢t > m. We use
i=1

the observation s = n — Zaj. By the Goresky MacPherson formulas, Theorem
j=1
2.5 (i) and (ii), the interval [0,z] contributes to H*(M?k71n,k),Z) in dimension

t(k —2) Zaj —m)(d — 1). Now assertion (i) follows by the fact that

tk < Zaj < n and all integer values in this range are assumed.
j=1
This implies assertions (i) and (ii) via the Goresky-MacPherson formulas, The-
orem 2.5 (i).
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For assertion (iii), we use the computation in [Su-Wa] of the Whitney homology
module of I 1n—y, as recorded in Section 3. The case of even d is essentially the
formula for the Whitney homology of I, 1»-x) (tensored with the sign) from The-
orem 3.1, while the case of odd d comes from using Example 4.1 (iii) in conjunction
with this formula. In both cases we use the fact that if = is a partition in IL¢, 1n-x)
with r nontrivial blocks and s singletons, then the codimension function is given
by codim(xz) = d(n —r — s).

We now describe the details of the computation for odd d. The notation is as in
the proof of [Su-Wa, Theorem 3.7]. Recall that the contribution from the interval
[0, 2] to the representation on W H (1, 1n-r)) factors into

@Inds (s (BT @ PY),

where the integer partition v of n is the type of z, with s parts equal to 1 and n — s
parts all greater than or equal to k, such that j =n —s —r +¢(k — 2).

From the Goresky-MacPherson formula for G-modules, Theorem 2.5 (ii), the
representation on the cohomology of the complement of the real manifold is obtained

by tensoring each factor in the above with the action of the normaliser Ng, (S,)
codim(z)—1

on the homology of the sphere S
dim(z)—

, where @ € Il 1n—#) is of type v. The

action on the sphere Sy is trivial for the Young subgroup S,, while, by
Example 4.1 (iii), the outer factors of the normaliser act like the sign. Hence the

Ng, (S,)-module H(S’dzm(z) 1) has characteristic xy,r s, where, in the notation of
[Su, Remark 1.4.0],

Xn,r,s = (ReszSmj er) ®h] ® €s;
J=k

here m; is the multiplicity of the part j > & in v, i.e., the number of blocks of size
j >k in 2. By Example 4.1 (iii) the action on H(Swdm(z) 1) is given by tensoring
the representation xy s with the sign.

The contribution to the cohomology of the complement M‘(ik 1n—k) from elements
x of type v is thus

Indls\‘fr_;n(s,,) (BV ® pY ® Sgn@(Xn,ns)) = Indin(s’u) (Sgn®(BV) ® pY & X’I’L7’I‘,S) .

To simplify the calculations, write ¢y, s+ for the term of degree n — s in

wk (eT[Z EZ]) |dogt Z s(j_k+1vlk71)

i>1 i>k

Then, as in the proof of [Su-Wa, Theorem 3.7], the contribution to the cohomol-
ogy of the complement from the Whitney homology of degree j is

W(Ch(WHj (H(k,l’"ﬁk)))) ® er[z hj] €s

Jj>k
= Z hs( Z ¢n7r,s7t ® Xnﬂ‘)s) R

s>0 rt>1

where the sum ranges over all subscripts r, s and ¢ such that j —2=n—r — s —
t(k—2)—2.



GROUP ACTIONS ON ARRANGEMENTS 1407

When k is even, the result is clear.

When £ is odd, the computation of the tensor product ¢, r s+ ® Xn,r,s iS more in-
tricate. Note first that by the rule of signs for plethysms of homogeneous symmetric
functions, we can write

w 6T[Z él] |dogt = (_1)ter[z(_1)iﬂi]|dcgt'

i>1 i>1

Hence for odd k&, we find that ¢p 51 ® Xn,rs is the term of degree (n — s) in

(DB D7) g | D S6-kr11m |

i>1 P>k
as in the statement of the theorem. O

We would like to mention that Theorem 4.4 (i) implies that I:Q(./\/l(k,lq), Z) van-
ishes for ¢ > Z(k —2) + (d — 1)(n — 1) (this result is due to Cohen and Lusk

[Co-Lu]). We begin our analysis with an observation on the spaces D AL 2 and
2,1m—

M%Q,ln,g), which are of lesser interest topologically. Here Theorems 2.4 (ii) and 2.5
(ii) allow us to retrieve a known decomposition of the regular representation of .Sj,.
Part (i) of the following corollary is of course well-known and stated for the sake of
completeness.

Corollary 4.5. (i) The action of S,, on HO(MA@J"?%) is the regular representa-
tion. _
(ii) The S, -representation on HO(/\/IA(2 \n2,) s given by

> T 7. l3].

mi,ma,...,mn >0  i>1
>iimi=n,y, m;<n—1

Note that, together with part (i), this is equivalent to an Sy, -equivariant formulation
of the Poincaré-Birkhoff- Witt theorem.

(iii) The reqular representation of S, decomposes into a direct sum of
@ﬁi(DA(mnfz)) and a copy of the sign representation. The S, -representation
i>0
on @ Hi(DA(mnfz)) is given by

i>0
Z H Cmai_1 [T2i— 1] hmay; [T2:].

mi,ma,... My >0 i>1
>iimi=n,y, m;<n—1
Proof. The hyperplanes in the arrangement A%mn,g) dissect R™ into n! pieces, each
homeomorphic to a simplicial cone times a copy of the real line. The symmetric
group S, acts transitively on the n! pieces. Therefore S, acts on HO(/\/I%2 1n,2))
by the regular representation. Now assertion (ii) follows by using the Goresky-
MacPherson formula for G-modules, and Example 4.1 (iii). Note that the contri-
bution to the Whitney homology of II(5 1»-2), as an S,-module, from set partitions
x of type A= (lmla 2m2’ H ) is given by Hhm2i—1 [WQi—l]emzi [7T2i]'
i>1
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Part (iii) can be deduced similarly, using the Goresky-MacPherson formula The-
orem 2.5 (ii). |

Here we remind the reader of the fact that the two representations in Corollary
4.5 arise naturally in the given decomposition from each other via “equivariant”
Alexander duality on the sphere (see the proof of Theorem 2.4) and also via the
involution w. The action of w can therefore be interpreted in this context as topo-
logical duality on the sphere.

In order to apply Proposition 2.9 to the manifolds M?k71n,k) we have to deter-

mine the multiplicity of the trivial representation in the .S,-module H* (./\/l?k 1n— k)).

The key ingredient here is the computation in [Su-Wa] of the representation on the
Whitney homology of Il 1»-x), which is stated in Theorem 3.1.

Proposition 4.6. Let d be even. The multiplicity of the trivial representation in
the reduced cohomology of the complement of M‘(ikjln,k), is 1 in degree d(k—1) —1,
and zero elsewhere. In particular

i qd _JQ ifi=dk—-1)-1,
H (M(kal"fk)/sn) - { 0 otherwise.

Proof. By Proposition 2.9 and Theorem 4.4 (iii), it is enough to show that the trivial
representation occurs in the Whitney homology of Il 1y only in dimension 0
and 1.

Clearly W Ho(I(j, 1n—#y) is the trivial module. Now let [ > 0.

We compute the multiplicity of the sign representation in the tensor product of
the sign with W H,,(II(; 1»-+)), using Frobenius reciprocity. The scalar product of
the symmetric function e, with the expression given by Theorem 3.1 is equal to
the sum over all s > 0 of the scalar product of e,_s with

25

D | 2oerD ] gy | len]-

t=r r>1 i>1

This in turn is nonzero only for those ¢ such that n —s = kt, in which case, using
the fact that the restriction of the sign representation from Sy to S¢[Sk] is given
by hileg] if k is even, and by e¢[e] if k is odd, we find that the multiplicity equals
the scalar product of w¥h, with the degree ¢ term in

Wk ZeT [Z ¢;]
r>1 i>1
Finally this is the multiplicity of the trivial representation in the degree ¢ term of
Zer [Z él]
r>1 i>1
It is well-known that the trivial representation appears in ¢; if and only if ¢ = 1.
(Equivalently, the sign representation appears in 7; if and only if ¢ = 1. This follows
easily, for instance, from [St2, Theorem 7.3].) Hence the multiplicity of the trivial
representation in W H, (I, 1»-+)) is nonzero if and only if

r=t=1 and n-—s=k,

that is, if and only if p=n — s — r — t(k — 2) = 1, in which case it is 1. O
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Another example of an orbit arrangement is the k-divisible arrangement A‘(ik,g) in
RE-£4 whose intersection lattice ey (usually denoted by Hf;) is the join sublattice
of I, consisting of partitions all of whose block sizes are divisible by k (see [Bj4,
Example 3.3]). Note that IT(;e) is a ranked lattice of rank £. We denote the ith

Betti-numbers of fl*(H(ke)) by szl).

Proposition 4.7. (i) [Wa] For arbitrary k and { the poset ey is EL-shellable.
All its homology is concentrated in degree £ — 2.

(ii) [St1] The dimension Bfk_,% of Hy—2(ILey) is equal to the number of permu-
tations in Sex—1 with descent set {k,2k,..., (¢ —1)k}.

The representation Wfk_@% of the symmetric group on the top homology of II;e)
was first studied in [C-H-R]. Shellability was first proved by Wachs and later
independently by Sagan [Sa]. The representation on the Whitney homology of this
lattice is recorded in Theorem 3.2. From this we derive the representation of Sk, on
the cohomology of the complement of the /-divisible arrangement, via the Goresky-
MacPherson formula Theorem 2.5. As in the k-equal case, we can also extract
information about the orbit space.

Theorem 4.8. (i) [Bj4, Example 3.3] The integral cohomology of M‘(ike) is free and
is nontrivial in dimension i if and only if i = €(dk — 1) — t(d — 1) — 1 for some
1<t<n.

(ii) If i = €(dk — 1) —t(d — 1) = 1 for some 1 <t < ¢ and d > 1, then the ith
Betti number of M‘(ik,z) is given by the sum

kLl
Z 2N S Y B 'mll"'me!'B%"'BZﬁﬁ)-
Abke, £(N)=t mi me
A:(k’ﬂll ,(2](2)”12,...)
If d =1 then the I:Ti(/\/l‘(ik[)) is nontrivial if and only if i = £(dk — 1) — 1, and this
Betti number is given by

¢ kl
Z Z [ S B -mﬂ"'me!'BEZ;'“BZZf)-
t=1 )\ka, é(}\):t mi mye
A=(K™1 . (2k)™2,..)
(ili) Let i = £(dk — 1) —t(d — 1) =1 for some 1 <t < n and d > 1. The

characteristic of the Sge-module Hi(/\/l‘(ike)) 18

> X

AREL, £(N)=t
A=(k™1,(2k)™2,...)

where
Hhmzqzﬂ [F?]i;i:il)]e’rnai [W?,;?], if d is even,
Ya = ﬁemZifl[w’]T?]i;i?il)]hmgi [ww?,i;i?], if d is odd and k even (1),
ﬁhmi [WTE;:?)] if d and k are odd (2).

i>1
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In particular when d and k are both odd, it follows from (2) that the Ske-module
structure of the cohomology of the complement is that of a symmetric algebra: its
characteristic is given by the degree n term in

¢
Z hy [Z wﬂ'z,f)].
t=1 >l
When d = 1 the Sie-representation on ﬁi(/\/l‘(ik@)) fori={(dk—1)—1 is obtained
by taking the sum over all 1 <t < ¢ in the expressions (1) and (2) above.

Proof. By Proposition 4.7 (i) the integral homology of I1;) is free and concentrated
in dimension rank(Il(;¢))—1 = £—2. A partition x in I1 ;) with ¢ blocks corresponds

to a subspace of codimension d¢k — dt. If x is a partition of type (K™, ..., (¢k)™¢)
. ¢
then the lower interval [0, z] in I1(¢) is isomorphic to a direct product x (TL(z:))™".
i=1
¢ I
Of course t = Zmi and Zmii = ¢. The homology of the (Cohen-Macaulay)
i=1 i=1

interval [0, z] is concentrated in the top dimension £ —t — 1. Therefore the interval
[0, 2] contributes to H *(M‘(ik@), Z) in dimensions

i=dlk—dt—0—t—1=0dk—1)—td—1)— 1.

Now the assertions (i)-(iii) follow from the Goresky-MacPherson formulas in The-
orem 2.5, Example 4.1 (iii), and Theorem 3.2. O

Proposition 4.9. For an even number d, the multiplicity of the trivial represen-
tation in the reduced cohomology of Ml(ikg), is 1 in degree (0d — 1)(k —1) — 1, and
zero elsewhere. In particular

iy /50) = |

Proof. Clearly the trivial representation appears in the homology of Il once
in the degenerate case k = 1, and, for arbitrary k, exactly once in the Whitney
homology of II(;¢) in each of the degrees 0 and 1. We prove by induction that it
never appears in the homology of I,y for k > 2. From these facts the assertion
then follows by Proposition 2.9 and Theorem 3.2.

The recursive formula in the preceding proposition for the characteristics m(ye)
follows from the equivariant acyclicity of Whitney homology established in [Su,
Lemma 1.1]. For k = 2 this gives sz_fi = ch(WH;(I(3¢))) — ch(W Ho(IL(2¢))), and

hence the trivial representation does not occur in 7Tf2_@§

Q, ifi=(td—1)(k—1)—1,

0, otherwise.

Assume by induction that it does not occur in Wf;j) for 2 <m < k—1. Again
by acyclicity
n—1
. L
Ty = D (=1 e (W H (T ).
i=0
Examining the expression of Theorem 3.2 for the characteristic of the rth Whit-
ney homology, we find that there is a product of plethysms for each integer partition
A of k¢ with k + 1 — r parts, with m; parts of size if. Hence if 2 < r < k — 1, each
such partition has at least one part of size greater than or equal to 2k. On the
other hand all the part sizes are less than k¢, so by induction hypothesis the trivial
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representation does not appear in WHT(H(ke)) for 2 < r < k—1. The contributions
from degree 1 and 0 cancel each other, and it follows that the multiplicity of the
trivial representation is 0 in wfk_f), for all n > 2.

It is now clear that the trivial module occurs once each in the Whitney homology
in degrees 1 and 0, and never elsewhere. O

The results of Propositions 4.6 and 4.9 imply the following condition [Ar2] for
A= (k,19) and X = (k).
(Finiteness) Let d be a positive even number. Then

i [Q fori=dn—d I\ -1,
H(M’\/S")_{ 0 otherwise.

The non-vanishing part of the (Finiteness) condition is precisely Proposition 4.2
(iii). Arnol’d introduces this condition in [Ar2], where he proves, for d = 2 :

Proposition 4.10 ([Ar2]). Let A = (k!',19) be a partition of n = k.l + q for inte-
gers k > 1 and 1 > 1, ¢ > 0. Then the space M3 /S, satisfies the (Finiteness)
condition.

Corollary 4.11. Let A\ = (k',19) be a partition of n = k.l + q for integers k > 1
and 1 > 1, ¢ > 0. Then for an even number d the space M$/S, satisfies the
(Finiteness) condition.

Proof. By Theorem 2.5 and Lemma 2.7 the cohomology representations of .S, on
H*(M$) and H*(M3) differ only by dimension shifts. In particular the trivial

representation occurs only once in H* (M9$). Now the assertion follows from Propo-
sition 4.2 (iii). O

Based on Arnol’d’s Theorem and some examples which we treated with the
Goresky-MacPherson formula for G-modules (Theorem 2.5 (ii)), we conjecture the
following generalisation of Arnol’d’s Theorem:

Congecture 4.12. For an arbitrary partition A of n, the space M¢/S,, satisfies the
(Finiteness) condition.

In view of Theorem 2.4 (ii) and Lemma 2.7, this is equivalent to the following
more combinatorial statement.

Conjecture 4.13. Let A be an arbitrary partition of n. Let x € I be a partition
of type 1+ # A. Then the multiplicity of the trivial representation in the Ng, (5, )-

module H, ([0, z]) is 0.
Finally we mention that since the formulation of Conjecture 4.13 does not involve
the number d, it suffices to prove Conjecture 4.12 for a single (even) d.
5. CHARACTER VALUES; TABLES & RESULTS

Table 1: Character values of S3 on ﬁ’(/\/lf3))
LwlTahTenlE]
(3 [t [ 1 [1]

Table 2: Character values of S4 on I?li(M%&l))

iW[ahTeH [ [ED [ @
3 4 2 0 1 0
4 3 1 -1 0 -1




1412 SHEILA SUNDARAM AND VOLKMAR WELKER

Table 3: Character values of S5 on ﬁi(M%&lz))

i) [TeEe)[e2y[E1)]E2 ] @] 6
3 10 1 2 I I 0 0
4 15 3 -1 0 0 -1 0
5 6 0 -2 0 0 0 1

Table 4: Character values of Sg on ﬁi(Mf3’13))

i[O TehHleeDH e[ 2y [E) @)@ ]G ](6)
3 20 8 4 0 2 2 2 0 0 0 0
4 45 9 1 -3 0 0 0 -1 -1 0 0
5 36 0 -4 0 0 0 0 0 0 1 0
6 20 2 0 -2 2 2 2 0 -2 0 -2
7 10 4 2 -4 1 1 1 0 -2 0 -1

Table 5 : Character values of S7 on Hl(/\/l?3714))
iV ADTEHTEEHTED 61D ]6E2,19) ] 629
3 35 15 7 3 5 3 1
4 105 25 5 -3 3 1 -1
5 126 6 -6 -6 0 0 0
6 140 10 0 -2 8 4 0
7 190 40 10 -4 10 4 -2
8 105 25 5 -3 3 1 -1
W EED[@) @2y [ @3 [ 615 [6,2 6D ] @
3 2 1 1 1 0 0 0 0
4 0 -1 -1 -1 0 0 0 0
5 0 0 0 0 1 1 0 0
6 2 0 -2 0 0 0 -2 0
7 1 -2 -4 ) 0 0 -1 1
8 0 -1 -1 -1 0 0 0 0
Table 6: Character values of Ss on Hl(/\/l23’15))

i[O T 1H]TRZ D[R ADTECH]G,19)][3,2,15 (3,22, 1)[B2%,1H)[B%,2) [ (4,1
3 56 26 12 6 0 11 5 3 2 2 1
4 || 210 | 60 14 0 -6 15 3 -1 0 0 2
5 || 336 | 36 -8 -12 0 6 0 -2 0 0 0
6 || 560 | 50 4 -2 -8 20 8 4 2 2 0
7 || 1240| 190 36 2 -16 | 40 10 0 1 1 -8
8 || 1512 222 16 -18 24 27 3 -5 0 0 -10
9 || 651 81 -5 -15 27 6 0 -2 0 0 -3

i\WW[[(4,2,1) (4,3, D@2 [EH 6, 15]6G.2,0)[6,3)[6,15)]6,2) ] (7, 1)]©8)
3 2 T 0 0 1 T T 0 0 0 0
4 0 -1 -2 -2 0 0 0 0 0 0 0
5 0 0 0 0 1 1 1 0 0 0 0
6 -2 0 -4 0 0 0 0 -2 -2 0 0
7 -6 -2 -4 0 0 0 0 -1 -1 1 0
8 -4 -1 6 0 2 2 2 0 0 o |-2
9 -1 0 5 -1 1 1 1 0 0 0o |-1
Table 7: Character values of Sy on H’L(M%&lg))

W[ aH [ein et [eEad) [ ehy [6.19 [ @219 [ 327,15 [ (3,29 [ 32,19
3 84 42 20 10 a 21 9 5 1 3
4 378 126 34 6 -6 45 9 1 -3 0
5 756 126 -4 -18 -12 36 0 -4 0 0
6 1680 210 20 -2 -8 60 18 8 -2 6
7 5160 750 140 26 -16 120 30 8 -10 3
8 9828 | 1134 80 -30 12 117 9 -7 -3 0
9 9275 749 77 -75 27 86 8 -2 0 5
10 || 3948 336 -16 -20 4 60 18 8 -2 6
11 560 140 40 12 0 20 8 4 0 2

T2 [EH)[@r) @210 [@31)[@w32 @222y ]@y]G1YH

3 3 3 10 1 1 T 2 0 1

4 0 0 14 2 -1 -1 ) -2 3

5 0 0 6 0 0 0 -2 0 1

6 6 6 0 -2 0 -2 -4 0 0

7 3 3 -20 -10 -2 -4 -8 0 0

8 0 0 -40 -10 -1 -1 4 0 8

9 5 14 -27 -5 0 -2 5 -1 10

10 6 6 -6 -2 0 -2 -2 0 3

11 2 -7 0 0 0 0 0 0 0
i\ 5,2, [6,2H[6,3,) ] 6,4 [ 6,156,263 715 @2)] 61O
3 2 0 1 0 T T 1 0 0 0 0
4 1 -1 0 -1 0 0 0 0 0 0 0
5 1 1 1 1 0 0 0 0 0 0 0
6 0 0 0 0 -2 -2 -2 0 0 0 0
7 0 0 0 0 -1 -1 -1 1 1 0 0
8 4 0 2 0 0 0 0 0 0 -2 0
9 4 -2 1 -2 -3 -3 0 0 0 -1 2
10 1 -1 0 -1 -2 -2 -2 0 0 0 0
11 0 0 0 0 0 0 -3 0 0 0 -1
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Table 8: Decomposition of the S3-module ﬁi(/\/l(g)) into irreducibles
LWwlahlen[e
[3 T o[ o [1

|
—~ . |

Table 9: Decomposition of the Sy-module H*(M 3 1)) into irreducibles
)

iV OHTEe,DHTEH] 61 (4)
3 0 0 0 1 1
4 0 0 0 1 0

Table 10 : Decomposition of the Ss-module I;Ii(/\/l(&p)) into irreducibles
iV AH T E1H e [E1D)[E2)] @] 6
1

3 0 0 0 0 1 1
4 0 0 0 1 1 1 0
5 0 0 0 1 0 0 0

Table 11 : Decomposition of the Sg-module IT.VI(M(P,Js)) into irreducibles

W[ e et [e)][60) 620 [EH) ]3] @] 616
3 0 0 0 0 0 0 I 0 I I I
4 0 0 0 0 0 1 1 1 1 1 0
5 0 0 0 0 1 1 0 1 0 0 0
6 0 0 0 0 1 0 0 0 1 0
7 0 0 0 0 0 0 0 0 1 0

~ =

Table 12 : Decomposition of the Sy-module H’ M(3,14y) into irreducibles
i T [EELHTELD[GE1H]6,2,1%) 6,29

i\
3 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0
5 0 0 0 0 0 1 0
6 0 0 0 0 1 1 0
7 0 0 0 0 1 0 0
8 0 0 0 0 0 0 0
iV E D@ T@E2) @ [6.1H 626D ]M
3 0 0 0 1 0 1 1 1
4 1 0 1 1 1 1 1 0
5 1 1 1 0 1 0 0 0
6 1 1 0 1 1 1 1 0
7 2 0 1 2 2 2 2 0
8 1 0 1 1 1 1 1 0
Table 13 : Decomposition of the Ss-module H*(M s ;5)) into irreducibles
P [AH T ]EE TR 1DH]EH ]G 17 ]G, 2,1%)[ 3,27, 1) [ 8%,19) [ (3%,2) | (4,1%)
3 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0
5 0 0 0 0 0 0 0 0 1 0 0
6 0 0 0 0 0 0 1 0 1 1 1
7 0 0 0 0 0 1 1 0 1 2 1
8 0 0 0 0 0 1 0 0 3 1 0
9 0 0 0 0 0 0 0 0 2 0 0
iV [(4,2,12) 4,3, D[22 [EDH[G1D)[6G,2,D[5,3][6,1H][6,2 [T, D]®)
3 0 0 0 0 0 0 1 0 1 1 1
4 0 1 0 0 0 1 1 1 1 1 0
5 1 1 0 0 1 1 0 1 0 0 0
6 1 1 0 0 1 1 2 1 1 1 0
7 1 4 1 1 1 4 4 3 3 2 0
8 2 5 2 2 3 5 2 3 3 1 0
9 1 2 1 1 2 2 0 1 1 0 0

Table 14 : Decomposition of the Sg-module I;Ii(/\/lf&lg)) into irreducibles

DTEEDHTEBH Tty 615 62,15 62217 ] 6,25 [ 62,19

-

a9 T e
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i\ 5,2,1) [ 5.2 [ 630 [ 6,9 [6,15 62,0 ][6,3d ][ 71D @@ ][O
3 0 0 0 0 0 0 T 0 T T T
4 0 0 1 0 0 1 1 1 1 1 0
5 1 0 1 0 1 1 0 1 0 0 0
6 1 0 2 1 1 1 2 1 1 1 0
7 2 2 7 3 1 5 5 3 3 2 0
8 7 5 9 3 4 8 4 3 3 1 0
9 8 4 6 1 5 5 2 2 1 0 0
10 3 1 3 1 2 2 2 1 1 1 0
11 0 0 1 1 0 1 1 0 1 1 0

It is easy to see that, for even d, the irreducible indexed by A occurs in the coho-
mology of M?k71n,k) only if all parts of A are greater than or equal to k.

In the next tables we list a few sample values for the cohomology representations
of Soy on the manifolds M%Q,Z). We note that for arbitrary k, the lowest non-
vanishing cohomology of M%}#) is always a transitive permutation module. Also for
all k£ the top non-vanishing cohomology of M%k,z) is (as an Ske-module) isomorphic
to the unique non-vanishing homology module of the lattice II(;¢). In particular,
for k = 2 its dimension is always given by an Euler number.

Before we start with the tables we state one result on the behaviour of the
character values of Sis on the cohomology of M%k,g).

Proposition 5.1. Let §; k¢ denote the Betti number of the manifold M?kg) (resp.
Ml(ikg) for arbitrary even d) in degree £(2k — 1) —t — 1, (resp. in degree £(dk — 1) —
td—1)—1), fort=1,... ¢

Then these numbers reappear as character values of the cohomology of M%ke)
(resp. M‘(ike)) as follows:

(1) The character wvalue on a kn-cycle (kn,1%*) in cohomology degree
(+n)2k—1)—(t+n)—1 (resp. I+n)(dk—1)—(t+n)(d—1)—1) is By, for
1<t </¥ (ie., in the first £ degrees of cohomology, starting with the lowest degree).
This character value is zero in all other cohomology degrees.

(2) The character value on a (kn+1)-cycle (kn+1,1%=1) in cohomology degree
(+n)(2k—1)—t—1 (resp. (l+n)(dk—1)—t(d—1)—1) is (—1)"Bpre for 1 <t < ¥,
and zero in all other degrees.

Proof. Recall that the reduced cohomology of M%k,g) (resp. /\/l‘(ik[)) in degree
02k —1) —t — 1 (vesp. €(dk — 1) —t(d — 1) — 1) is given by the Whitney ho-
mology of the k-divisible lattice Il ;) in degree £+ 1 —1¢, for 1 <¢ < /.

Now use [Theorem 4.8 (iii)] and the defining equation in [C-H-R] (see also [Su,
Theorem 5.1]) for the top homology of the lattice I1(;¢). The Frobenius characteristic
of the Whitney homology W Hyi1—¢(Il(;¢)) may thus be rewritten as the degree
(k£)-term in the plethysm

(—1)'e Z(—l)%[z hisl |

where
1 i—ijd, i
(4) m == 3 ald) (-1
d|i

is the Frobenius characteristic of the top homology of the partition lattice II;.
This expression will greatly simplify our calculations. As in [Macd], p,, denotes
the nth power sum symmetric function. Note first that by definition of the Betti
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number f3; k¢, the coefficient of p¥* in the above expression is

B, ke
(kO

kj .
Write Y for the power series .-, (%]]T Note that —log(1+Y) = 2121(—1)“/7.
From standard properties of the plethysm operation we deduce the following power
series expansion, for 1 <t < /{:

t!
(B) (~ToB(1+Y))" = 3 2(-1) Buse "
>1
We are now ready to compute the character values on cycles congruent to 0 and 1
modulo k.
For the first result, we need to compute the coefficient of the symmetric function
Prnpit in the Whitney homology W Hgiy—¢(Tl(jesn)), whose characteristic is

(1) erin | Y (~1)'m[> hu]

i>1 j>1

The result will be established if we show that this coefficient is ﬁﬁﬂmg if1 <
t < /¢, and is zero otherwise.

From (A), the only terms of m; that we need to consider are those involving
pi,i > 1, and p;,i > 2. In the innermost plethysm, the only terms relevant to the
computation are those corresponding to the cycle-types (1%7) and (kj, 1¥™). These
terms are accounted for by the expression Y + 3.+, pk—’“;(l +7Y).

Hence the contributions to a (kn)-cycle come only from the plethysm of
(—1)*7e;r, with

Z% Y+Z%?(1+Y) _Z@ Yipi] + S kit

: : _ L Tiji
i>1 j>1 i>2 j>1

Observe that we can discard powers of Zj>1 %j greater than 1, and hence the
terms Y'[p;] for ¢ > 2. Further inspection shows that terms of the form py; vanish
for j > 2, and hence the contributions to a (kn)-cycle come only from the plethysm
of (—=1)"*"e;4,, with
_ Pk

-
It is now clear that to obtain a (kn)-cycle, ¢ must be nonnegative. In this case
the only terms one need consider in the power-sum expansion of the elementary
symmetric function e;,, are those corresponding to the cycle-types (1¢7") and
(n,1%), the latter occurring only if n > 2.

Evaluating the plethysm and again discarding the terms in log(1+Y")[p,], we find
that we need the coefficient of px,pt* in the expression (—1)*t"(Z; + Z3), where

S
t+n-—-1!k

and Zs is nonzero only for n > 2, in which case we have

—log(1+7Y)

Zl = (— ].Og(]. + Y))t+n_l )

! t ok

Zs = 5 (=1)" (= log(1 + 7)) 22,
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Now the result follows easily from the identity (B).
For the second result, we need the coefficient of p;m+1p’fé_1 in the characteristic
of the Whitney homology W Hyyp1—¢(H(jetny), ie., in

(=) er | D (=1)'ml) - hug]

i>1 i>1

The result will be established if we show that this coefficient equals

L1 1
S (kt — 1)!5““

if 1 <t </, and is zero otherwise.

Since all terms in the innermost plethysm have degree at least k, the only way
to obtain the required cycle-type from the plethysm is via terms of the form pgy+1
from the innermost plethysm, and only terms involving powers of p; from the other

factors.

Hence we need only consider the plethysm of (—1)¢+"

e; with

Pkn+1 8Y

kn+10p;°

—log(1+Y)+

Discarding the terms involving higher powers of pg,+1, we have the plethysm of
(—1)+"e; with

Pkn+1 iie1 0Y
—log(14+Y )Y —.
og(1+Y) + kn+1 ;( ) Op1

Now we observe that we can discard all terms in the power-sum expansion of e;
except for the term pi. Hence we require the coefficient of pkn+1p’f£_1 in the ex-
pression

oYy

-1 l+n —1 1 Y t—1 Pkn+1 1 iYi_l_'
() gy (sl + ¥ P S Y

The result now follows by taking the partial derivative of (B) with respect to p;. O

Table 15 : Character values of S4 on I;Ti(./\/léz))
iw[abTeHTeHTen]®
3

3 1 3 0 1
4 2 0 2 1 0
Table 16 : Character values of Sg on HZ(/\/lng))
iVTAOHTEHTEEDHTEHTE1D) 62y [ ED]@D) @261 ] 6
5 15 3 3 7 0 0 3 1 1 0 1
6 30 2 2 6 -3 1 0 0 0 0 0
7 16 0 0 0 2 0 2 0 0 1 0
Table 17: Character values of Sg on HZ(M?24))
PW[AHTE1HTEZDTE1DH[EDH[E1D]E2,19][6,25, D) [E%19)[3%2) [ (4,11
7 [[105 | 15 9 7 25 0 0 0 3 3 3
8 || 420 | 30 12 6 36 | -15 -3 -3 0 0 2
9 |l 588 | 16 4 0 4 | -30 2 2 0 -2 0
10 ||272] o 0 0 216 | -16 0 0 2 0 0
i\ [(4,2,1°) [ (4.3, D][#2)[EH ]G 19 [6.2,D)[(5,3)[6.1H](6.2) [ (7. D] ®)
7 1 0 3 5 0 0 0 1 1 0 | 1
8 0 1 2 0 0 0 0 0 0 o |o
9 0 0 0 4 3 1 0 0 2 o | o
10 0 0 0 0 2 0 1 0 2 1 | o
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Table 18 : Character values of S1p on I?i(/\/lﬁzs))

iAMDY T [EELH[E1H[EHL 1D [EH[G1D]G,2,10)[B,2%,19)[3,2% D [@%, 1%
9 945 105 45 21 25 81 0 0 0 0 9
10 6300 420 120 32 36 140 -105 -15 -9 -7 6
11 16380 588 108 12 -4 -20 -420 -30 -12 -6 6
12 18960 272 32 0 -16 -80 -588 -16 -4 0 24
13 7936 0 0 0 0 0 -272 0 0 0 16
i\W[[3%2,1D)[E%2D 6% D419 [@2, 1@ 2215 [4,25[4,3, 154,32, [#3)
9 3 9 0 15 3 7 0 0 3
10 0 6 -9 30 2 2 6 -3 -1 0
11 0 -6 0 16 0 0 0 -2 0 -2
12 2 -4 6 0 0 0 0 0 0 0
13 0 0 -2 0 0 0 0 0 0 0
i@ 1HTE%2)[65,15[5,2,19[6G,22, D[ 6,3, 15 [(5,3,2) [ (5,4, D [ (6°) [ (6,11 [ (6, 2, 1)
9 5 5 0 0 0 0 0 0 5 3 1
10 0 0 0 0 0 0 0 0 0 2 0
11 -4 -4 15 3 3 0 0 1 0 0 2
12 0 0 30 2 2 -3 -1 0 0 0 2
13 0 0 16 0 0 -2 0 0 -4 0 0
PW6.2H) 63064971721 [7.3 1) [(8.2)[(9.10][(10)
9 3 0 1 0 0 0 1 1 0 1
10 2 -1 0 0 0 0 0 0 0 0
11 4 0 0 0 0 0 0 0 0 0
12 4 0 0 -3 -1 0 0 0 0 0
13 0 0 0 -2 0 1 0 0 1 0

into irreducibles

~

Table 19 : Decomposition of the Ss-module ﬁi(M@z)
WwWlah e [eE) e[ @
0 0 T 0

3 T
4 0 0 1 0 0
Table 20 : Decomposition of the Ss-module H*(M ss3)) into irreducibles
W[ aH [e1H ) [eH 1) [E2) [EH [ @) [ @2 [ 6.0 ] 6
5 0 0 0 i 0 0 0 0 i 0 I
6 0 0 0 1 0 1 0 0 1 0 0
7 0 0 0 0 0 1 0 0 0 0 0
Table 21 : Decomposition of the Ss-module Hi(/\/l(24)) into irreducibles
PATAH T )[R DH TP ADHTEDH[E. 1) [E.2,15)[E.22, 1) [6215) [38%,2) [ (4,17
7|0 0 0 0 i 0 0 0 0 0 0
8 0 0 0 0 1 0 0 1 1 0 0
9 0 0 0 0 0 0 0 2 1 1 0
10 || o 0 0 0 0 0 0 1 0 1 0
P42 @3 062D [ED][6. 0 [62)[6E3][6.1D)[6.2]@ D [®)
7 0 0 T i 0 0 0 0 I 0 |1
8 0 1 2 1 0 1 0 0 1 o |o
9 1 2 1 0 0 1 0 0 0 o |o
10 1 1 0 0 0 0 0 0 0 0o |o

Table 22 : Decomposition of the Sip-module I?i(/\/l@s)) into irreducibles

iWV[[AO T 1[R[ 1DH]RL1DH[E)]G,17)]3,2,1°)[3,2%, 15 [ (3,25, 1) [ (3%,1%)
9 0 0 0 0 0 1 0 0 0 0 0
10 0 0 0 0 0 1 0 0 0 1 0
11 0 0 0 0 0 0 0 0 0 2 0
12 0 0 0 0 0 0 0 0 0 2 0
13 0 0 0 0 0 0 0 0 0 1 0
i3 2,19)[E%2H[E% D[ 15) [ 2,1D)[4,27,1%) [(4,2%)[(4,3,15)[(4,3,2,1) [ (4,3%)
9 0 0 0 0 0 0 1 0 0 0
10 1 0 0 0 0 0 2 0 2 0
11 2 2 1 0 0 2 2 1 5 2
12 2 3 2 0 0 3 2 2 6 3
13 1 1 1 0 0 1 1 1 3 1
iWW[EZ1H[E%2[6G,19)]6,2,19) 65,22, 1D [5,3,15[(5,3,2) [ (5,4, D [ (6D [ (6,1%) [ (6,2,17)
9 0 1 0 0 0 0 0 0 0 0 0
10 0 2 0 0 1 1 1 1 0 0 0
11 2 2 0 0 3 3 3 2 0 0 1
12 3 2 0 1 3 3 3 2 0 0 1
13 1 1 0 1 1 1 1 1 0 0 0
i\M[(6,22)](6,3,1D)[(6,4) [(7, 15[ (7,2, D[(7,3) [, 1) [(8,2) [ (9, 1) [(10)
9 1 0 1 0 0 0 0 1 0 1
10 2 1 1 0 1 0 0 1 0 0
11 1 2 0 0 1 0 0 0 0 0
12 0 1 0 0 0 0 0 0 0 0
13 0 0 0 0 0 0 0 0 0 0
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